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MOO/5 10/H(2)M 


(a) Using the formula for the area of a triangle gives 


A=—x3xsm0 

2 

(Ml) 

4 42 

sm0 = — r 

(Al) 

3jc 2 

[2 marks] 


(b) Using the cosine rule gives 


cos# 


x 2 +(3x) 2 -(x + 3) 2 
2xxx3x 


(Ml) 


3x 2 —2x — 3 
2 ? 


(Al) 
[2 marks] 


(c) (i) Substituting the answers from (a) and (b) into the identity cos 2 0 = 1- sin 2 6 


gives 

f 3x 2 — 2x — 3 Y f 4.42:f 

(Ml) 

(AG) 


l 2, 1 ) W) 

(a) 

*=1.24,2.94 

(G1)(G1) 

(b) 

_ f3x 2 -2x-3) 

l 2 * 2 J 

(Ml) 


0 = 1.86 radians or 0 =0.171 (accept 0.172) radians (3 s.f.) 

(G1)(G1) 


Notes: Some calculators may not produce answers that are as accurate as required, 
especially if they use ‘zoom and trace’ to find the answers. Allow ±0.02 
difference in the value of jc, with appropriate ft for 6. 

Award (M1)(G1)(G0) for correct answers given in degrees (106° or 9.84° ). 

Award (M1)(G1)(G0) if the answers are not given to 3 s.f. 

Award (M0)(G2) for correct answers without working. 

[6 marks] 


[Total: 10 marks] 
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2. (a) Let g(x) = ax 3 +bx 2 +cx + d 


g (0) = -4=>c/ = -4 (Al) 

g'(x ) = 3 ax 2 + 2 bx + c (Ml) 

g '(0) = 0^c = 0 (Al) 

g (-2) = 0 => -8a + 4b =4 

g'(- 2) = 0 => 12a - 4b =0 (Ml) 

4 a =4 

a =1 (Al) 

b = 3 (Al) 

Therefore, g ( x ) = x 3 + 3x 2 - 4 (AG) 

[6 marks] 

(b) Under reflection in the j'-axis, the graph of y = -x 3 + 3x 2 is mapped onto the graph of 

y = -(-x) 3 + 3(-x) 2 (Ml) 

i.e. y = x 3 + 3x 2 . (Al) 


Under translation 


, the graph of y = x 3 + 3x 2 is mapped onto the graph of 


y = h( x) = (x + 1) 3 + 3(x + 1) 2 - 1 

= x 3 + 3x 2 + 3x + 1 + 3x 2 + 6x + 3 - 1 
h(x) =x 3 + 6x 2 + 9x + 3 


(Ml) 
(Al) 
(Al) 
[5 marks] 


(c) The graph of y = -x 3 + 3x 2 is mapped onto the graph of v = x 3 + 3x 2 - 4 , with point 
A mapped onto point A\ using the following combination of transformations: 


Reflection in the x-axis 


followed by the translation 


(or vice versa.) 


(Al) 

(A2) 

[3 marks] 


[Total: 14 marks] 
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(G2) 


Award (Gl) for correct shape, including three zeros, and (Gl) for both asymptotes 



(ii) /(x) = 0 for x = 0.599, 1.35, 1.51 

(G1)(G1)(G1) 



[5 marks] 

(b) 

/ (x) is undefined for 



(x 5 -3x 2 ) = 0 
x 2 (x 3 -3) = 0 

(Ml) 


Therefore, x = 0 or x = 3 1/3 

(A2) 



[3 marks] 

(c) 

x 5 x 4 -6x| 5x 3 -6 ) 

/W= ^3? [° r ^-3,J 

(M1)(A1) 


fix) is undefined at x = 0 and x = 3 1/3 

(Al) 



[3 marks] 

(d) 

For the x-coordinate of the local maximum of / (x) , where 

0 < x < 1 .5 put f\x) = 0 (Rl) 


5x 3 -6 = 0 

(Ml) 


-01 

(Al) 



[3 marks] 

(e) 

The required area is 



A= J f(x ) dx 

0.599 


(A 2) 


Note: Award (A I) for each correct limit | 

[2 marks] 


[Total: 16 marks] 
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Note: In all 3 parts, award (A2) for correct answers with no working. 

Award (M2)(A2) for correct answers with written evidence of the correct use of a GDC 
(see GDC examples). 


(a) (i) Let X be the random variable “the weight of a bag of salt”. Then 

X ~ N(1 10, a 2 ) , where a is the new standard deviation. 

Given P(X < 108) = 0.07 , let Z = X ~ 110 


Th e „p(z< 108 - n °) = 0.07 

(Ml) 

Therefore, - = -1.476 

<7 

(M1)(A1) 

Therefore, <7 = 1.355 

(Al) 

GDC Example: Graphing of normal c.d.f. with <7 as the variable, and 
finding the intersection with p = 0.07 . 


Let the new mean be ^then X~N(^i,L355 2 ) . 

[4 marks] 

Then pfz < 1Q8 ~ M 1 = 0.04 
l 1-355 J 

(Ml) 

Therefore, 108 ~ M = -1.751 

1.355 

(M1)(A1) 

Therefore, p = 1 10.37 

(Al) 

GDC Example: Graphing of normal c.d.f. with p as the variable and 
finding intersection with p = 0.04 . 



[4 marks] 


continued... 






- 10 - 


M00/5 10/H(2)M 


Question 4 continued 

(b) Ifthemeanis 110.37 gthen X~N(110.37,1.355 2 ), P(A < X< 5) = 0.8 
Then P (X < ^4) = 0. 1 , and P(X<5) = 0.9. 

Therefore, A ~ 11031 =-\ , 2 g2 
1.355 

A = 108.63 

rn, , 5-110.37 , 

Therefore, = 1.282 

1.355 

5 = 112.11 


GDC Example: Graphing of normal c.d.f. with X as the variable and finding 
intersection with p = (). \ and 0.9 . 


(Ml) 

(Al) 

(Ml) 

(Al) 

[4 marks] 


[Total: 12 marks] 
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(i) Using first principles 
/'(*) =lim| 


^ /(x + /»)-/(x) j 


( cos (x + h) - cos (x) 
= lim 

h^o[ h 


cos(x)cos (h) - sin(x) sin(/*) - cos(x) ^ 

h 


= lim^ 

= cos(x) lim^ C0S ^ — - j- sin(x) lim j 

Butlim^j=l and 1=0 

Therefore, f'(x) = -sinx 

OR 

cos (x + h) - cos (x) 


-2 sin (x+^h) sin ^ h 


(using any method) 


/ ^ \sin — h 

-sin[ x + ~h — 


■ 1 
sm — h 
2 


= limf -sinf x +— h ) ]= 

l 2 JJ 


Therefore, /'(x) = -sinx 


(Ml) 

(M1)(A1) 

(M1)(A1) 

(C1)(C1) 

(Al) 


(Ml) 

(M1)(A2) 

(Ml) 

(C2) 

(Al) 
[8 marks] 


continued... 
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Question 5 continued 


(ii) Let p„ be the statement — (x n ) = nx n 1 for all positive integer values of n. 
dx 


If n = 1 then 




(M1)(A1) 


= 1 


= 1jc° (Al) 

Assume the formula is true for n = k , that is, = kx k ~ x . (Ml) 

ax 

Then -f - (** +1 ) = -^-(xxx k ) (Ml) 

ax ax 

= kx k ~' Xx + x k (using the results for n = k and n = 1 given above) (M1)(A1) 

= x k (k + 1) (Al) 

which is the formula when n = k + 1 . 

So if the formula is true for n = k then it is true for n = k + 1 . (Rl) 

p ] is true, so p 2 \s true and p 3 is true, therefore p n is true for all integer value of n. (Rl) 


[1 0 marks] 


[Total: 18 marks] 
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Note: In this question candidates may use figures to varying degrees of accuracy. Do not penalise, 
unless premature rounding leads to errors in the final answers, which should be given to 3 s.f. 


Let the random variable X represent the test result for hard discs. 

X ~N(68, 3 2 ) 

(a) P(Jf<67) = P^Z<-^J (Ml) 

= 1-0.6306 

= 0.369 (3 d.p.) (Al) 

OR 

P(X< 67) = 0.369 (G2) 


Note: Award (Gl) for an incorrect answer if there is an indication that the 
candidate has used the normal cumulative distribution function (cdf). 


[2 marks] 


(b) 



P(rejection) = P(X < 67) = P Z < 



= P(Z< -1.0541) 


= 1-0.8541 = 0.1459 
= 0.146 (3 s.f.) 


OR 


Standard error of the mean = —j= = 0.9487 

Vio 

P(X< 67) = 0.146 (3 s.f.) 


(Ml) 

(Ml) 

(Ml) 

(Al) 

(M1)(A1) 

(G2) 


[4 marks] 


continued... 
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Question 6 continued 


(c) (i) let 7 be the result for discs from this supplier 

— 2 R 2 1 

y~N(67.5 , 2.8 2 )=>7~N| 67.5,-' 1 


P(7 >67) = P z> 


-0.5 


2.8/VToJ 

=P(Z> -0.56469) = 0.7139 
= 0.714 (3 s.f.) 


(Ml) 


(Ml) 
(Al) 
[3 marks] 


(ii) P(y <67) = 1-P(y >67) = 1-0.7139 (M1)(A1) 

= 0.2861 (Al) 

Let R be the number of rejections in a week. 

R ~ B(6, 0.2861) . (Ml) 

Hence the expected value of penalty is 1000 x 6 x 0.2861 (Ml) 

= $1716.60 (Al) 

OR 

P(rejection on any day) = 1-0.7139 = 0.2861 (Al) 


This is a binomial experiment and the possible outcomes are 0, 1, 2, 3, 4, 5 or 
6 rejections. The probabilities of the outcomes are mentined below: 


X 

0 

1 

2 

3 

4 

5 

6 

m 

.1324 

.3183 

.3189 

.1704 

.0512 

.0082 

.00055 


Note: For each error deduct one mark up to a maximum of two marks. 


To obtain expected values for each of the above outcomes, the penalties will 
have to be multiplied by the corresponding probabilities. Thus we have: 


Penalty 

0 

1000 

2000 

3000 

4000 

5000 

6,000 

PM 

.1324 

.3183 

.3189 

.1704 

.0512 

.0082 

.00055 


Note: For each error deduct one mark up to a maximum of two marks. 


E(Penalty) = (Pcnalty)(Probabi 1 ity) = 1716.6 

= $1716.60 (Al) 

[6 marks] 


continued... 
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Question 6 continued 


(d) Sample mean x = 67.003 1 (Al) 

H 0 : = 68 

Hj : < 68 (Cl) 

This is lower tail test with z = -1.645 (Cl) 

Decision rule is reject H 0 if z < -1.645 (Cl) 


z= x-68 _ 6 7 .°° 3 l-6 8 __i Q5Q8 

standard error 0.9487 


(Ml) 


Therefore, z> -1.645 (Ml) 

Hence, we do not have enough evidence to reject H 0 . Thus the sample meets the 
company’s standard for acceptance. 

OR 


Mean of sample = 67.003 1 

5 % lower tail critical value =68-1 .645 x — 

VlO 


= 66.4394 


(Al) 

(M1)(M1)(M1) 

(G2) 


Note: 


Award (Ml) for 68, (Ml) for 1.645, and (Ml) for the standard error, 


3 

VTo 


This is less than the observed value and hence there is no evidence of change of 

standards. (Rl) 

[7 marks] 


continued... 
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Question 6 continued 

(e) This is a Chisquare test for the goodness of fit. 

The expected frequencies are calculated from the probabilities in the table of normal 
distributions (or from the calculator) and then multiplied by 1000. We have the 
following table: 


Class 

Observed 

Probability 

Expected 

Expected - observed 

1 

5 

0.0013 

1.3 x 


2 

17 

0.0214 

21.4 J 

0.7 

3 

146 

0.1359 

135.9 

-10.1 

4 

333 

0.3413 

341.3 

-8.3 

5 

360 

0.3413 

341.3 

-18.7 

6 

113 

0.1359 

135.9 

22.9 

7 

26 

0.0229 

22.9 

-3.1 


| Notes: If the first two cells are not combined but all the entries are correct, then | 
award (A 2). 

For each error in computing individual entries deduct one mark up to a 
maximum of two marks. 

Do not penalise if the last row is: 


7 


26 


0.0228 | 22.8 | -3.1 


Since the first cell has 5 elements, we combine the first two cells. 

This leads to the observed - expected = 22 - 22.7 = 0.7 . 

The number of degrees of freedom is 7 - 1 - 1 = 5. (A 1) 

Calculated value of Chisquare = 6.2771 (A 1) 

H 0 : Distribution is normal with mean 68 and standard deviation 3 

Hj : Distribution is not normal with mean 68 and standard deviation 3 (Cl) 

X 1 critical value with 5 degrees of freedom is 1 1 .07 (Al) 

Since 6.277 < 1 1 .07 , we do not have enough evidence to reject H 0 . 

Hence, we do not have reason to doubt the normality of the data. (Rl) 


[8 marks] 





7. (i) 


(ii) 
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(a) 

By definition of • and de Morgan’s laws, 

(X • Y)' = (Xnf)'n(X'nf')' 

(Ml) 


= (X'uf)n(Xu7) 

(Ml) 


= (Xu7)n(X'uF') 

(Rl) 



[3 marks] 

(b) 

/(«) = / ( n ') , for any n, n' in N , implies n + 1 = n' + 1 . 

Hence n = n' . Hence /is an injection from N to N . 

(Rl) 


There is no point in the domain of f which is mapped to zero. 

(Ml) 


Hence / is not a surjection. 

(Rl) 



[3 marks] 


(c) We show that S is a reflexive, symmetric and transitive relation on X 
Since R is at equivalence relation on Y, it is reflexive, symmetric, and 
transitive. 


For all a in X, reflexivity of R implies h(a)Rh(a) . By the definition of the 

relation S on X, aSa for all a in X. Hence, S is reflexive. (Rl) 

Let a Sb . Then h(a)Rh(b ) holds on Y. Since R is symmetric, h(b)Rh (a) 
which implies bSa . Since this holds for all a, b inX. 

S is a symmetric relation on X. (Rl) 

Let a S' b and b Sc for any a,b,c inX. Then h(a)Rh(b) and h(b)Rh(c) hold. 

Since R is a transitive relation, we get h(a)Rh (c) . (Ml) 

By definition of the relation S on X aSc. Thus S is transitive on X. (Rl) 


[4 marks ] 

(a) By using the composition of functions we form the Cayley table 


O 

A 

A 

A 

A 

A 

A 

A 

A 

A 

fi 

Ai 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 


Note: For each error in the above table deduct one mark up to a maximum 
of three marks. 


From the table, we see that (T, °) is a closed and ° is commutative. (Rl) 

fi is the identity. (Al) 

f- l =f.,i = 1,2, 3, 4. (Al) 

Since the composition of functions is an associative binary operation (T , °) is 

an Abelian group. (AG) 


[6 marks] 

continued... 
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Question 7 (ii) continued 

(b) The Cayley table for the group (G , 0) is given below: 


(A 2) 



Define / : T h> G such that / (/,) = 1, / (/ 2 ) = 3, / (/ 3 ) = 5 and / (/ 4 ) = 7. (Ml) 

Since distinct elements are mapped onto distinct images, it is a bijection. (Rl) 

Since the two Cayley tables match, the bijection is an isomorphism. (Rl) 

Hence the two groups are isomorphic. (AG) 


[5 marks ] 


(iii) (a) Suppose a is of order n and a 1 is of order m. 

Therefore e = e*e = (a~') m *a n (Ml) 

lfm>n, then e = (a~ 1 ) m ~ n *(a~ l ) n *a n = (a~ l ) m ~ n *(a~ l *a)" . (Ml) 

Hence e = (a _1 ) m ~ n . This implies a _1 is of order m-n<m which is a 

contradiction. So m is not greater than n. (Rl) 

If rn<n,e = (a~ l ) m *a m *a"~ m = . (Ml) 

Hence e = a n ~ m , which implies a is of order n-m<n. This is a contradiction. (Rl) 

Therefore m = n. (AG ) 


[5 marks] 


(b) Let S (m) be the statement: b"‘ = p~'*a m * p . 

S (1) is true since we are given b = p~ l *a* p (Al) 

Assume S ( k ) as the induction hypothesis. (Ml) 

b k+l =b k *b =(p~ l *a k *p)*(p~ l *a*p ) (Ml) 

= p~ l *a k+1 *p (Rl) 

which proves S (k + 1) . 

Hence, by mathematical induction b n = p~ l *a n *p(n = 1,2,...). (AG) 


[4 marks] 
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(A 2) 


Note: For each error deduct one mark up to a maximum of two marks. | 

[2 marks] 


(b) Suppose A is railroad car 1 . Because B, C, and D are adjacent, they can not be 
in the car 1 . The minimum number of railroad cars needed to transport A, B, 
and C is three. Putting each of these in a separate car, we draw the above 
graph, label the vertices, and indicate in which car the vertex will go. 



If we use colours, then the graph can be coloured in three colours. 

The chromatic number of the graph is 3. (A I) 

Arrangement for shipping : A, F in Car 1; B, D in Car 2; and C, E in Car 3. (A 1) 


Note: There are several possibilities. Hence there can be different graphs 
as well as different shipping arrangements. Please check the 
answers carefully and award marks as outlined above. 

[4 marks] 


continued... 
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Question 8 continued 

(ii) (a) The degree sequence of this graph is given by 


A B C D E U 

2 4 3 4 3 4 (Ml) 


Since degree of each vertex is not even, the graph has no Eulerian circuit. 


(b) A B C D E U 

A [0 1 0 1 0 O' 
B 10 110 1 

C 0 10 0 11 

D 110 0 11 

E 0 0 110 1 

U 0 11110 


(Rl) 
[2 marks] 


(A2) 


Note: For each mistake in the entries of the above matrix deduct one mark 
up to a maximum of two marks. 


Number of walks of length 2 from vertex A to vertex C is the entry in the first 
row and third column of the square of the adjacency matrix. 

( 0 ) 


( 010100 ) 


1 

0 

0 

1 


=0+l+0+0+0+0=l 


Since this entry is 1, there is only one walk of length 2 from A to C. 


(Ml) 


(Al) 
[4 marks] 


(c) Given the graph the following steps are used to obtain the minimal spanning 
tree by using Kruskal’s algorithm. 

Let S be a set of vertices and T be a set of edges. The algorithm is organised 
as follows: 


Choice 

Edge 

Weight 

1 

CE 

3 

2 

AD 

3 

3 

CU 

5 

4 

BU 

8 

5 

AB 

9 


T 

{CE} 

{AD, CE} 

{AD, CE, CU} 

{AD, CE, CU, BU} 
{AD, CE, CU, BU, AB} 


S 

{C,E} 

{C, E, A, D} 

(Q E, A, D, U} 

(Q E, A, D, U, B} 

(Q E, A, D, U, B} (M2)(A1) 


Note: If the edges and the vertices are correct so that there is a minimal 
spanning tree, then award (M2)(A1). For each mistake deduct one 
mark up to a maximum of three marks. 


continued... 
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Question 8 (ii) (c) continued 


A minimal spanning tree is 
B 



D minimal spanning tree 
Total weight of minimal spanning tree is 28. 


Notes: There are other possibilities. Please read the answer carefully and 
award marks as outlined above. 

If a candidate writes only the correct answer without showing any 
steps, then award (A 1) only. 

[5 marks] 


(iii) The recurrence relation can be written as y n+2 - y n+l — y n = 0 . 


The characteristic polynomial is x 2 - x - 1 = 0. Hence, 



x=‘ 

2 

(Ml) 

and 


(Al) 

Since y 0 = 4 andjj = 3, C, + C 2 = 4 and 


i 

¥¥(¥)■• 

(Ml) 

Solving for C, and C 2 , we get 


C, = 

10+V5 10-V5 

= and C, = . 

5 5 

(M1)(A1) 


(Al) 



[6 marks] 

(a) 

Every non-empty set of positive integers has a smallest (or least) element. 

(A2) 

(b) 

A set is well-ordered if any non-empty subset has a least element. 

(A2) 

(c) 

Z is not well ordered. Consider the set = {x : x < 1} is a non-empty set, since 

1 is in S. 

Ml) 


If m is the smallest element of S, then m< 1 . Now m — 1 < 1 , implies m - 1 is in S. 

(Al) 


Hence m is not the smallest element in S. 

(Rl) 


Note: In answering this problem the candidates may take many different 
non-empty subsets like S above. Please examine the correctness of 
their argument and award marks appropriately. 


[7 marks] 
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(i) (a) 


(b) 


/ (x) = x 7 + 5x + 1; f'(x) = 7x 6 + 5. 
The iterates {x„} are given by 


x n+ 1 = x n 


■M fix# + 1 _ SxI'fg-l', 
7x„ 6 + 5 ” 


(Ml) 


n 

x n 

0 

-0.5 

1 

-0.20489297 

2 

-0.19999748 

3 

-0.19999744 

4 

-0.19999744 


Note: Award (A I) for correct iterates, for any error in the calculation of 
iterates award (AO). 


The approximate value of zero of /is -0.19999744 correct to eight decimal 
places. 

The third iteration x 3 is obtained from the relation 


x 3 


- 1 

lx\ + 5 


where x 2 = -0.19999748 . 


For fixed point iteration, x„ +l = g (x„ ) , x 0 = -0.5, where g (x) = x 7 + 6x + 1 . 
(There are other possibilities for g ( x ) ) 

A table of values for the iterates are given below: 


(Rl) 


(Al) 
[4 marks] 
(Ml) 


n 

x n = x 7 n _ j + 6x„_j + 1 

0 

-0.5 

1 

-2.0078125 

2 

-142.588158699 

3 

-1.19835150535 xlO 15 


It does not converge. Hence this iteration will yield no zero. (Ml) 

For x n+1 = g(x n ) to converge, we need | g'(x ) | < 1 . 

But here | g' (x) | = 7x 6 + 6 > 6 > 1 for all values of x. (Rl) 


Note: There are other possibilities for the iteration. Sometimes the fixed 
point iteration converges. 

[4 marks] 


continued... 
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Question 9 (i) continued 

(c) / (-1) = -5 < 0 and / (0) = 1 > 0 . Hence, there is a zero of / (x) in (-1 , 0) by 


the intermediate value theorem. (Ml) 

Suppose there are two zeros of /in [- 2, 2] viz. a and b. 

Hence, f (a) = f (b) = 0 . Since / is a polynomial, it is differentiable and is (Ml) 

continuous everywhere. 

Thus by Rolle’s theorem, there is a point c such that /'(e) = 0. (Rl) 

But /' (c) = 7x 6 + 5 > 0 for any c. Hence,/ can not have more than one zero. (Rl) 


[4 marks] 


continued... 
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Question 9 continued 


(ii) (a) Since, sinx = ^(-l) n * 

~ 2(2 «+ i) 
sinx 2 = Y (-1)" 

Zi (2/1 + 1)! 


(b) Let 

I = [ sinx 2 dx = 


f (-1 )" [x 4n+2 dx 

" (2/i + l)! Jo 


(2« + l)N 

= Y(-d» 1 

(4/7 + 3)((2/z + 1) !) 

= £(-l)"c„,say. 

OO N 

The sum of the alternating series ^(-l)"c„ lies between £ (-l)”c„ 


(Al) 
[1 mark] 


(Al) 


and £(-!)»*£ | Cjm |. 

Hence for 4 decimal place accuracy, we need | c v+l | < 0.00005 . 


N 

'=£(-i )\ 

n = 0 


1 

/ = - — = 0.3095238095 

3 7(3!) 

— - — = 0.0000757576 
11(5!) 

2 

7 = 0.3102813853 

— - — = -0.000013 
15(7!) 


Notes: Award (Ml) for calculating I in terms of the sum. 
Award (Ml) for calculating the error. 


Since -0.0000 1 3 < 0.00005 ,7 = 03103. 


(M1)(M1) 


(Al) 
[5 marks] 


continued... 
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[4 marks] 



26 
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10 . (i) 


From the given information, we have, 
b 2 = a 2 (e 2 -l), and a 2 = Z? 2 — l) - 


_b 2 +a~ 
b 2 


T , 1 1 b +a . 

Thus, —+ — = —5 = 1 . 

e, ei a" +b 


(ii) (a) 



Differentiating with respect to x, we get, ^ = 0. 

a b 


Since y' = , the slope of the tangent line (PM) at (x 0 , y 0 ) is ^ X ° . 

ay a y 0 

Equation of the line (PM) is 

b 2 x o 

y~-y& = -r L (x-x 0 ) 
a y 0 


or 


xx o _m. = 4 _yo^i 

a 2 b 2 a 2 b 2 


(Rl) 

(Ml) 

(Rl) 

[3 marks] 


(Ml) 

(Ml) 

(Al) 


since the point (x 0 , y 0 ) lies on the given hyperbola. 


Note: A candidate may quote the equation directly. In that case, award 

(Al) for (Al) for , and (Al) for the correct equation. 
a b 


When y = 0, we get, x 


a 

x o 


Hence, the point M has coordinates 



(Rl) 

[4 marks] 


continued... 
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Question 10 (ii) continued 


(b) Equations of the directrices arc x = — and x = . 

Using the fact that the distance of a point on the hyperbola from a foci is e 
times its distance from the directrix, we have for (x 0 , y 0 ) on the left branch of 


the hyperbola, 

(Ml) 

PF 1= e -x 0 + - = \-ex 0 + a \= ex 0 -a 

(Al) 

v e )\ 

and 



(Al) 

Also, MF 1= ae- — 

1 x o | 

(Al) 

, a 2 

and MF 2 = \ae+ — 

(Al) 


The same results are obtained if (*o > To) is on the right branch of the hyperbola. 


OR 

PF 2 = (x 0 - ae ) 2 + Jo = x o ~ 2aex 0 + a 2 e 2 + y\ 
Since (x 0 , y 0 ) lies on the hyperbola, 
b 2 xl 


y o = - 


--b 2 =xl(e -V)- a 2 (e 2 - 1) 


Therefore, PF 2 = x^ - 2 aex 0 + a~e 2 + x\ ( e 1 - 1) - a 2 ( e 2 - 1) 
= Xq -2 aex 0 +a 2 
= ( x 0 e-a ) 2 


Hence, PF t = | x 0 e -a | . 
Similarly, PF 2 = I x 0 e + a 


Hence, MFj = \ae~ — 
| x 0 

and 

MF 2 = \ae+ — . 

I x o 


(Ml) 

(Al) 

(Al) 

(Al) 

(Al) 
[5 marks] 


continued... 
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Question 10 (ii) continued 


PF, MF, 

(c) We shall show that = and use the converse of the bisector theorem to 

pf 2 mf 2 

conclude that [PM] is the angle bisector of FjPF 2 . 


PFj x MF 2 = 


Jf a 2 \ 

+ a) ae+ — 


2 2 2 1 <r 

■ae x n +a"e-a e + 

2 x n 


PF 2 xMF, = (~ex 0 - a) \\[ae-^\ 

Hence PFj x MF 2 = PF 2 x MF r 

PF i _ \ x oe~ a \ 

PF 2 | x 0 e + a | 

and 


MF, _| ae-(a 2 / x 0 ) I 
MF 2 |ae + (« 2 /x 0 )| 

_| x 0 e-a \_ PF, 
| x 0 e + a | PF 2 


(Ml) 

(Ml) 

(Ml) 

(Rl) 

(Al) 

(Ml) 

(Al) 
[4 marks] 


continued... 
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Question 10 continued 

(iii) Ptolemy’s theorem: If ABCD is a cyclic quadrilateral, then 
AB x DC + BC x AD = AC x BD . 



c 



Draw [AE] with E on [DB] so that DAE = CAB, 

AADE and AABC are similar because DAE = BAC , 
and ADE = ACB (being on the same arc of a circle). 


(Ml) 

AD AC 

Hence, = or ADxCB = ACxDE. 

DE CB 

(1) 

(Rl) 

Similarly, AADC and AABE are similar, since 

DCA = EBA and DAC = DAE + EAC = BAC + EAC = BAE 


(Ml) 

Hence, — = — or DC x AB = EB x AC . 

CA AB 

(2) 

(Rl) 

Add (1) and (2) to get 



AD X CB + DC X AB = AC (DE + EB) = AC X DB . 


(Rl) 



[5 marks] 


continued... 
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Question 10 continued 
(iv) (a) 

X 

To show that the quadrilateral BNIYTC is cyclic, it is enough to show that 


BNC = BM'C 

In ANBP , NBP + BNC + NPB =180° ( 1 ) (Ml) 

In AMC'P , M'CP + CM'P + M'PC = 1 80° (2) (Ml) 

Equating ( 1 ) and (2), and using NBP = M'CN = M'CP and NPB = M'PC, (Ml) 

we have, BNC = CM'P = CM'B . (Al) 

Hence BNM'C is a cyclic quadrilateral. (AG) 

OR 

M' is the point on [BM] nearer M such that 

M'CN = — ABC . (Cl) 

2 

Since [BM] is the angle bisector of ABC , M'BN = ^-ABC . (Ml) 

Hence, M'BN = M'CN . (Rl) 

Since these are angles on arc M'N , BNM'C is a cyclic quadrilateral. (R1)(AG) 


[4 marks] 

(b) By part (a) there is a circle on which the points B, N, M', and C lie. 


[BN] and [BM'] are chords of this circle. 

Since, ACB > ABC = NBC , —ACB > - NBC (Ml) 

2 2 

or NCB > M'BC . (Al) 

Hence, NCB + - ABC > M'BC + - ABC (Ml) 

2 2 

or M'CB > NBC , since NBC = ABC . (Al) 


In the circle BNM'C, we use the result that if two inscribed angles intercept 
unequal chords, the greater angle intercepts the greater chord, we get BM' > CN . 



(Rl) 
[5 marks] 



